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Overview Module 02 
∗ P1: Time-discrete sampling and Spectrum basics

– Sinusoidal signals 

– time-discrete sampling, repetition

∗ P2: Sampling & Aliasing, and D/A conversion

– Aliasing, concept, aspects

– Discrete-to-Continuous conversion and vice versa

∗ P3: Finite Impulse Response Filters

– Time domain and Convolution 

– FIR filters, architectures and implementation

∗ P4: Introduction to Signal Transformation

– Rotation, affine transform, orthogonal transforms
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Module 02 – Part 1 

Time-discrete sampling

Fundamentals of signals and sampling 

and the Delta function
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Introduction / Signals – (1) Definition
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Introduction / Signals – (2) Applications
What can we do with signals in real life? – Nearly everything!
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Introduction / Signals – (3) Representation
How do we express/represent signals, in what form?
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Introduction / Signals – (4) System building
We can build systems that process signals, to add/extract information value 
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Introduction / Sinusoids – (1) Motivation
Sinusoidal signals are 

cornerstones of signal 

models and used in many 

real life applications… 
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Introduction / Sinusoids – (2) Basic prop’s
Sine and cosine functions are periodic, even/odd, are zero sometimes…

See: “Signal Processing First”, James H. McClellan et. al.
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Introduction / Sinusoids – (3) Review cosine
What is the amplitude, frequency and phase of a sinusoid?
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Introduction / Sinusoids – (4) Example
Cosine function for several values of the frequency
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Introduction / Sinusoids – (5) Phase/time

Phase can be 

shifted to time and 

vice versa
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Intro / Sinusoids – (6) Plotting & sampling
Phase can be shifted to time and vice versa
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Intro / Sinusoids – (7) Complex exponents

Complex 

exponentials 

and phasors
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Intro / Sinusoids – (8) Complex addition
Complex addition of numbers and conversions
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Intro / Sinusoids – (9) Complex multiplication

Complex 

multiplication 

multiplies 

radii and 

adds angles
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Intro / Sinusoids – (10) Complex exp. signals
Complex exponential signals are easier to handle for sinusoidal signals 

18

PdW-SZ / 2016 

Fac. EE  SPS-VCA

Enabling Technologies for Sports /

5XSF0 / Module 02 Basics Filtering

Intro / Sinusoids – (11) Basic trigonometrics
Complex exponential signals are easier to handle for sinusoidal signals 
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Intro / Sinusoids – (12) Phasor addition rule
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Introduction / Sinusoids – (13) Summary
Complex exponential signals are easier to handle for
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Introduction / Sinusoids – (14) Summary
Complex exponential signals are easier to handle for
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Module 02 – Part 3 

Sampling and aliasing

Sampling frequency aspects using the 

cosine waveform as a basis
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Sampling and aliasing – (1)
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Sampling and aliasing – (2)

Note that 

the phase 

changes 

the 

sampling 

values!
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Absolute and relative frequency – (1)

Absolute
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Concept of aliasing – (1)
fs =10x200 fs =5x200

fs =5x200200 & 1200 together
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Concept of aliasing – (2)
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Spectrum of discrete-time signal – (1)
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Spectrum of discrete-time signal – (2)
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Spectrum of discrete-time signal – (3)
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Spectrum of discrete-time signal – (4)
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Reconstruction – (1)
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The Shannon Sampling Theorem
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Ideal reconstruction (Shannon’s theorem)
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Discrete-to-Continous conversion – (1)
36

PdW-SZ / 2016 

Fac. EE  SPS-VCA

Enabling Technologies for Sports /

5XSF0 / Module 02 Basics Filtering

Discrete-to-Continous conversion – (2)
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Discrete-to-Continous conversion – (3)
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Different pulses for non-ideal D-to-C conv.
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Ideal bandlimited interpolation for D-to-C
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Discrete-to-Continuous Conversion rev.
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Sampling Theorem recapitulated
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Summary Sampling and Aliasing
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Enabling Technologies for Sports

(5XSF0), Module 02,  Part 3-4

Signals, Sampling, Fourier series, 

Aliasing, and FIR Filtering 
Peter H.N. de With & Piet C.W. Sommen

(p.h.n.de.with@tue.nl )
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Module 02 – Part 3 

Finite Impulse Response (FIR) Filters

FIR filters, convolution processing in 

time domain, FIR architecture
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FIR filter definition
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Running Average Filter – (1)
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Running Average Filter – (2)
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General FIR filter



13

49

PdW-SZ / 2016 

Fac. EE  SPS-VCA

Enabling Technologies for Sports /

5XSF0 / Module 02 Basics Filtering

Illustration of FIR filtering
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Unit Impulse Sequence
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Unit Impulse Response Sequence
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Unit Delay System
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Convolution and FIR Filters
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Convolution procedure via plot
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Convolution procedure via table
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FIR Filter basic building blocks implem. –(1)
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FIR Filter basic building blocks implem. – (2)
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Linear Time Invariant (LTI) Systems
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Linearity property
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FIR Filter is an LTI
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Convolution and  the LTI system
62

PdW-SZ / 2016 

Fac. EE  SPS-VCA

Enabling Technologies for Sports /

5XSF0 / Module 02 Basics Filtering

FIR Filter Convolution
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Some important properties LTI system - (1)
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Some important properties LTI system – (2)
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Cascade of LTI systems – (1)
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Cascade of LTI systems – (2)
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Example FIR filtering 
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FIR filters summary – (1) 
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FIR filters summary – (2) 
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Module 02 – Part 4 

Introduction to signal transformation 

Rotation transformation, 

generalization to orthogonal 

transforms
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Module 02 – Part 4 

The meaning of a transformation 

Affine transformation, basic principles, 

matrix notation
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Affine 2D Coordinate Transform – (1)

∗ Express coordinate frame (x,y) in coordinate frame (x',y').

∗ In motion estimation:

– (x,y) could be the coordinate in the last frame, and

– (x',y') the corresponding coordinate in the current frame.
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Affine 2D Coordinate Transform – (2)

∗ Special (simple) case 1: translation only

∗ A is identity matrix I
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Affine 2D Coordinate Transform – (3)

∗ Special case 2: scaling only

– scaling in x direction                                  scaling in y direction

∗ Isotropic scaling (rigid motion)
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Affine 2D Coordinate Transform – (4)

∗ Special case 3: rotation only

– constraint 1: size stays constant

– constraint 2: coordinate axes are 

perpendicular

∗ A is an orthonormal matrix

(rotation matrix R)
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Affine 2D Coordinate Transform – (5)

∗ Rotation matrix for rotation by an angle α

∗ rotation by -α
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Affine 2D Coordinate Transform – (6)

∗ Image skew (horizontal)
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Affine 2D Coordinate Transform – (7)

∗ Concatenation of transforms

∗ gives

(Shortly we will introduce a trick to make this much easier)
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Affine 2D Coordinate Transform – (8)

∗ Computing the inverse of

∗ gives

(the mathematical trick will make this much easier, too)

∗ Inverse is possible if A is nonsingular.

Set of nonsingular affine transforms constitutes a group.

80

PdW-SZ / 2016 

Fac. EE  SPS-VCA

Enabling Technologies for Sports /

5XSF0 / Module 02 Basics Filtering

Affine 2D Coordinate Transform – (9)

∗ Here the trick: augment each point-coordinate with a 

dummy '1':

∗ Now, write affine transform as simple matrix multiplication:
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Affine 2D Coordinate Transform – (10)

∗ Concatenation is now very easy

∗ And the inverse transform is simply the 3x3 matrix inverse.

∗ This useful “trick” will reappear later...

(A
i
are 3x3 matrices)
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Affine 2D Coordinate Transform 

Example: Transform Sequence – (1)

∗ What is the transformation between these two images?
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Affine 2D Coordinate Transform

Example: Transform Sequence – (2)

∗ Break the transformation into sequence of elementary steps.

shift to origin           rotate                               shift back
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Affine 2D Coordinate Transform

Example: Transform Sequence – (3)

∗ Successive steps:

∗ Combined transform:

∗ Multiplied together:
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Basic principles of transformation

A. Meaning of transform
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Transform  /  Basic principles – (1)
∗ Consider the simplest transform of 1x2 samples

– Rewrite sample combination (x0, x1) as: 

(x0, x1) = x0.(1, 0) + x1.(0, 1)

– Sample sequence (x0, x1) can be  approximated by 

(x0, x1) „= +/-“(  (x0+x1)/2 , (x0+x1)/2 )

– The sample sequence (x0, x1) is  exactly described by 

taking the approximation and adding a detailed modification 

(x0, x1) = (x0+x1)/2 (1, 1)  + (-x0+x1)/2 (-1, 1) 

line n+2

line n+1

line n+0

1x2 block

T T
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Transform  /  Basic principles – (2)

Example 1x2 blocks:  

„Car1.y“ sequence, 

f = 13.5 MHz

Note that 

∗ all grey values 

occur

∗ extends over both 

dimensions
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Transform /  Basic principles – (3)
Linear algebra

∗ Rewrite the sample combination (x0, x1) in vector form

∗ Or, alternatively

∗ The sample sequence (x0, x1) is a linear combination with

– (x0+x1)/ √2  as the weight or low-frequency transform coefficient

– (-x0+x1)/ √2 as the weight or high-frequency transform coefficient

– the vectors b0 and b1 are the basis vectors
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Transform  /  Basic principles – (4)     

Example 1x2 blocks:  

„Car1.y“ sequence, 

f = 13.5 MHz, based 

on sample sum and 

difference

Note that 
∗ same landscape 

occurs
∗ extends over sample 

sum only!
∗ Concentration to one 

dimension
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Transform  /  Basic principles – (5)    

A geometric interpretation 

shows rotation

∗ (e0, e1) and (b0, b1) are 

orthogonal vectors 

∗ these vectors have 

normalized length (norm)

∗ (b0, b1)  are along axis 

(projected) x0=x1 and axis 

x0= -- x1

∗ Thus: a rotated coordinate 

system

x0 = x0.e0

x1 = x1.e1

e0

e1

b1
b0
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Transform  /  Basic principles – (6)     

Results of geometric interpretation

∗ Transformation is rotation

– Rotation to a different coodinate system for the input samples. The 

amount of samples gives the amount of dimensions.

∗ Transformation concentrates energy

– Coordinates are chosen such that global approximations are found in 

the total signal and additions that make the description exact.

∗ Transformation to perform ... decorrelation 

– Statistical dependence occurs between adjacent samples. This is 

exploited by global approximation. New coordinates are decorrelated.
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Basic principles of transformation

B. Fundamentals in matrix notation
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Transform  /  Basic principles – (7)   
Matrix notation

∗ Rewrite in vector / matrix form

∗ Hence, y = A.x , and similarly, for the backward transform

∗ Some properties

– Matrices A and A-1 are the transform and inverse transform matrix. Mostly, they 

are not equal and they are orthogonal.

– Basis vectors b0 and b1 are the rows in the transform matrix

– Reconstructed samples xr0 and xr1 are linear combination of the basis vectors. 

– The weight of each vector is the  transform coefficient
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Transform  /  Basic principles – (8)    

Matrix notation for generalized 2-D transforms

∗ In matrix notation

∗ Perform 2-D transform as two times a 1-D transform, thus

∗ Geometric meaning is: the reconstructed sample data is a 

linear combination of basis images Buv, being an outer product 

of basis vectors
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Example: 2-D Discrete Fourier Transform

∗ 2-D Discrete Fourier Transform of image signal f(x, y) for 
0<=u<=M-1 and 0<=v<=N-1 is

∗ 2. 2-D Inverse Discrete Fourier Transform

∗ 3. The above equations hold for an image of size MxN
pixels and together they form a transform pair
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